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s#z%uwdfhswh
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Ω× Ω ydŁzPswh
|·uz·th
~¬ uwh¨uwdŁhﬀgxhS}sw«fh piQ  ~s#udfhmªz}©©z¦~|f{ .
ψ(A,B) =
∫
A
∑
si∈S(C)
∫
Σi
1B(Si(C, z))
dz
|V | dµ(C)
+
∫
A
∑
(si,si+1)∈M(C)
1B(Mi(C)) |Jφ−1(vi, vi+1)| dµ(C)
±
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V = [Lmin, Lmax]× [−pi, pi] ²f}|Ł φ ~¥s¯uwdfhmt~#/hEz}gz}fdf~¥swgyz}hEswzP|Łt~|f{ﬀuwzjuwdŁhªzP©©z¦~|f{7¬~¥f©hydŁ}|f{}h .
(v1, v2)
φ←−− (z, v)
¦dfhEwh
(v1, v2)
y
z}whSsv/z}|Łxuzudfhghuh
sÉzÔudfhu¦zjswh
{Pgh
|Yus^z}tu~|fhE· uwhEswf©~Æuwuw~|f{7udfhmsvhE{}gh
|Yu^z}Łgx¸
h
uwh
s
v = (l, θ)
«Łsw~|f{xudfh«t­t~©~¥r¬~}f©h
z
³Éc#df~¥st~#Gh
zPgz}fdf~¥svg~¥s{P~¬Ph
|Yr .
φ(z, v) = (ηv(z), T (v, ηv(z))
±
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¦dfhEwh
ηv
}|Ł
T
}whhEswhSy®u~¬Ph
©r_{}~¬}hE|"Xr"h Y«Łu~zP|Łs
±
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±
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Jφ−1
thE|fzuhEsmudfh[ÄY}yzPf~¥|_z}
φ−1
¦dfzYsvh
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uwhEwg~|Ł|Yu=~¥s#{}~¬}h
|Xr .
|Jφ−1(v1, v2)| =
l1 l2
l
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{}ghE|Pu¯z¾©h
|f{}uwd
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¦z7swh
{}ghE|Pus8z}¾©hE|f{udŁs
l1
|Ł
l2
~¥s#{}~¬}hE|Xr .
R  (C,C ′) =
NT (C)
NT (C ′)
Lmin(l − 2Lmin)
pi (Lmax − Lmin)
l
l1 l2
h(C ′)
h(C)
±
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|uw~zx~¥s#{}~¬}hE|Xr .
R  (C,C ′) =
NT (C)
NT (C ′)
pi (Lmax − Lmin)
Lmin(l − 2Lmin)
l1 l2
l
h(C ′)
h(C)
±
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¦zsvhE{}gh
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svhE©rP²Xy
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Sj,δe
h[uwdfhhEvu«fŁu~zP| ¦df~¥ydUsvŁ©~usN/z}©rX©~|fhYr)h
gz¬X~|Ł{¹_swh
{}ghE|Pu
j
z_zP©rX©~|fhz=¦~¥Xuwd
e
}|Ł
y
z}gzYsvhS·Xr[u#©hEPsuuwdŁwhEhmswh
{Pgh
|Yus#|·¦df~¥yd}©©z¦=s^uwzthÇ|fh¨u¦¯zxzP©rX©~|ŁhEs¦dfzPswhm¦~tuwdŁs}wh¨h Y«Ł}©uz
e+ δe
}|Ł
e− δe .
Sj,δe(p, e, v1, . . . , vn) = {(p1, e+ δe, v1, . . . , vj−1), (pj+1, e− δe, vj+1, . . . , vn)}
±
6YP´
c#dfhﬀ¬}w~¥u~zP|[z¦~¥Xuwd
δe
~¥s«f|f~ªz}g©r[f ¦|~|ÂyzPgŁ}yusw«ŁydÂ}sudfhmu¦¯zx|fhE¦§¦~¥Xuwds=hm~|
[emin, emax]
.
δe ∼ U([−B(e), B(e)]) ²f¦dŁh
h B(e) = min{e− emin, emax − e}
±
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c#dfh~|X¬}hEswhj/h
wuw«ŁwŁuw~z}|)yzP|ŁyhEw|Łs¨udfh·yzP«ff©hz#zP©rX©~|ŁhEs
(ci, cj)
¦dfzPswhÇŁ|Ł}©ÉzP~|Yu
pni+1i
z}
ci
|ŁÁ~|f~Æu~}©
/z}~|Yu
p1j
z
cj
¬}h
~ªr .
Lmin ≤ d(pni+1i , p1j ) ≤ Lmax
±
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ÅNzPwhEz¬}hEE²Puwdfhsw«fg zudfhswh
{}ghE|Pu|X«fgjhE
(ni + nj)
dŁ}suzhﬀ©z¦h
uwdŁ}|
nmax
.
ni + nj < nmax
±
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c#dfhﬀghEw{Ph¨gz¬Ph
M(ci, cj)
ªz}
ci = (p
1
i , ei, (v
k
i )k=1..ni)
h
u
cj = (p
1
j , ej , (v
k
j )k=1..nj )
~sthÇŁ|ŁhEÂ}sªzP©©z¦=s/.
M(ci, cj) = (p
1
i ,
ei + ej
2
, (vki )k=1..ni , vij , (v
k
j )k=1..nj )
±
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¦dfhEwh
vij
yz}hEswzP|Łfs¯z%uwdfhﬀŁ}}ghuwhEsz}uwdŁhsvhE{}gh
|Yu
(pni+1i , p
1
j)
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{}hz}|f©r7~|Ły
©«ŁfhEsudfh=yzP«ff©hzGzP©rX©~|fhSs¦dfzPswhÇŁ|Ł}©fzP~|Yu^}|Łx~|f~uw~¥©ŁzP~|Yu
¬Ph
~ÆªrxuwdŁhfz ­t~g~urxy
z}|Łt~uw~z}|
±
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©h
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­YuwhEg~Æu~hSs^zP8ÇŁ|Ł}©
h
­YuwhEg~Æu~hSs¬Ph
~ÆªrÂudf~¥s¨y
z}|Łf~Æu~zP|¾³70ÇŁsvuﬀsvzP©«tu~zP|_¦z}«f©¥¹/hjuwzN}f"·|fhE¦0fz}/zPsw~uw~z}|¹°Ph
|fh
©%~|"uwdŁhx=ÄYÅ"iÅ"i
}©{Pz}~Æudfg uwduyzPwhEsw/z}|Łuzuwdfhﬀ~|X¬}hEsw~zP|[gz¬}hP² (	ﬀgz¬}h¨uwdu=~|Y¬Ph
svhSs¯/z}©rX©~|fhﬀ}sªzP©©z¦=sﬀ.
(p1, e, v1, . . . , vn)← (pn+1, e, v′n, . . . , v′1)
±
 4S´
¦dfhEwh
v′j = (lj , αj − pi)
~
αj > 0
²f}|Ł
v′j = (lj , αj + pi)
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z}zPuwhuwdf~¥sgz¬}h¨~|Yuzuwdfhﬀ°Ph
|fh
©
Q  
 
³8» |ŁthEhEÔ²Ł¦¯h
PfÂsuh
uwdŁuyzP|Łsw~svus#z}%|Łfz}g©r[fwzPzYsv~|f{xhEwgj«tuuw~z}|Âz%uwdŁh7svhE|Łswh¨z}9udfh/z}©rX©~|fh
±
s´³ 'Łz}=swf©~u=gz¬}h
Sj,δe
²tudfhmwhSsv«Ł©Æu~|f{Ł}~z}%/z}©rX©~|fhSs#~s#udX«Łs#«f|f~ªz}g©r[ydŁzPswh
|Âgz}|f{xudfh¨ªz}©©z¦~|f{xªz}«f~sﬀ.
S1j,δe(p
1, e, v1, . . . , vn) = {(p1, e+ δe, v1, . . . , vj−1), (pj+1, e− δe, vj+1, . . . , vn)}
S2j,δe(p
1, e, v1, . . . , vn) = {(pj , e+ δe, v′j−1, . . . , v′1), (pj+1, e− δe, vj+1, . . . , vn)}
S3j,δe(p
1, e, v1, . . . , vn) = {(pj , e+ δe, v′j−1, . . . , v′1), (pn+1, e− δe, v′n, . . . , v′j+1)}
S4j,δe(p
1, e, v1, . . . , vn) = {(p1, e+ δe, v1, . . . , vj−1), (pn+1, e− δe, v′n, . . . , v′j+1)}
±
P}´
ÈÁhﬀ|fz¦yz}|sv~¥th
#udŁuuwdfhﬀgh
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h
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|Ł
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y
}|/htzP|fhﬀXr·ªz}«Ł=Ł~s#zh
|Łt/z}~|Yusﬀ.
{pi, pj}1 = {pni+1i , p1j}
 {pi, pj}2 = {p1i , p1j}
 {pi, pj}3 = {p1i , p1nj+1}
 {pi, pj}m = {pi, pj}4 = {pni+1i , p1nj+1}
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{pi, pj}k /h[ÂŁ}~7zh­Xuwh
g~uw~hEsmudŁuxy
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~Æ
k = 4
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
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±
"P´
ºhu
NS
/huwdfh#|X«fg7/h
Éz}/swh
{PgxhE|Yus%¦dfzPswhwhEgxz¬}©X}©©z¦=suwdfh{Ph
|fhEuw~z}|z}Łu¦z/z}©rX©~|fhEsÉ}|Ł
NM
uwdŁh|X«fgjhE
z}G~sz}Gh
­Xuwh
g~Æu~hSsÉ¦dfzYsvh©~|Ł°Y~|f{}©©z¦=s%uwdfh{}h
|Łh
uw~z}|xzÔm|fhE¦ /z}©rX©~|fhP³% gz¬Ph~¥s8«Ł|f~ÆªzPwg©rjydfzYsvhE|x}gz}|f{
udfh
NT = NS +NM
zYswsw~Ł©hﬀgz¬}hSs
³c#dfhﬀ°Ph
|fh
©
Q  
 
~¥suwdŁh
|Â{}~¬}hE|Xr .
Q  
 
(C → A) =
∑
sj
i
∈S(C)
1
NT (C)
4∑
k=1
1
4
∫ B(ei)
−B(ei)
1A((C \ ci) ∪ Skj,δe(ci))
dδe
2B(ei)
+
∑
{pi,pj}k∈M(C)
1
NT (C)
2∑
m=1
1
2
1A((C \ {ci, cj}) ∪Mmk (ci, cj))
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(C → A) = 1
8NT (C)
∑
ci∈C
1
B(ei)
ni−1∑
j=2
4∑
k=1
∫ B(ei)
−B(ei)
1A((C \ ci) ∪ Skj,δe(ci)) dδe
+
1
2NT (C)
∑
{ci,cj}∈C
4∑
k=1
2∑
m=1
1A((C \ {ci, cj}) ∪Mmk (ci, cj))
±
P}´
c#dfhghE}sw«fh
ψ
z}|
Ω×Ω ydŁzPswh
|uwzxth
~¬ uwhuwdfhgxhS}sw«fh piQ  
 
~¥s¯jsvrXgghuw~¥y
©ghE}sw«fhy
z}|Ły
h
|YuwuhExz}|⋃∞
n=0{{ΩN ×ΩN+1} ∪ {ΩN+1×ΩN}}
³Éº¾h
u
A
}|Ł
B
hﬀswhus#z¾udfh¨uw~f«z
Ω
sw«ŁydPs
A ⊆ EN |Ł B ⊆ EN+1 ³
c#dfhﬀghS}sw«fwh
φ
~sudfh
|Â{}~¬}hE|Xr .
ψ(A,B) =
∫
A
N∑
i=1
ni−1∑
j=2
4∑
k=1
∫ B(ei)
−B(ei)
1B((C \ ci) ∪ Skj,δe(ci)) dδe dµ(C)
ψ(B,A) =
∫
B
N∑
i=1
N∑
j = 1
j 6= i
4∑
k=1
nmax(emax − emin)
2dk(ci, cj)λ|V | 1A((C \ {ci, cj}) ∪M
1
k (ci, cj)dµ(C)
=
∫
B
∑
{ci,cj}
2∑
m=1
4∑
k=1
nmax(emax − emin)
2dk(ci, cj)λ|V | 1A(C \ {ci, cj}) ∪M
m
k (ci, cj)dµ(C)
±
}P´
GHG ICJKLM
4S  " *  	

	! * 	!
	
	&
5(+"
¦dfhEwh
Σ
th
|ŁzuwhSs=udfhjsvuuwhxsvŁPyh7Pswswzty~¥uhEuwz[uwdfhjzP©rX©~|Łh7¦~¥Xuwd¾²Ô}|Ł
dk(ci, cj)
thE|fzuhEsuwdfht~¥su|Ły
hh
u¦¯hEh
|
udfhmu¦¯z/z}~|Yusz} {p1, p2}k ³8c#dfh¨}yuwz} 12dk(ci,cj)
~¥st«fhmuzuwdfhﬀ¬}w~¥f©hmydŁ|f{Ph .
(e1, e2, p
′)←− (e, δe, lj , αj)
¦dfhEwh
e1
}|Ł
e2
h=uwdŁh¨¦~¥Xud[z
c1
}|Ł
c2
zPtu}~|fhS·Xrh
gz¬X~|f{7z¾udfh¨swh
{Pgh
|Yu
j
z}97/z}©rX©~|fh¨z¦~¥Xud
e
²X}|Ł
p′
yzPwhEswzP|Łfs¯uwzxudfhﬀ{}hE|fh
uhE·~|f~uw~¥©¾/z}~|YuE³
'%~|Ł©©rP²Xuwdfh7l¨h
hE|[u~zyzPwhEswzP|Łt~|f{7z}udfhsvŁ©~uz%x/z}©rX©~|fhmz%¦~Xud
e
Xr·whEgz¬Y~|f{xxswh
{Pgh
|Yuz}9©h
|f{}uwd
l
~¥s{}~¬}hE|Xr .
R  
 
(C,C ′) =
NT (C)
NT (C ′)
8 l λ |V | min(e− emin, emax − e)
nmax(emax − emin)
h(C ′)
h(C)
±
 7´
¦dfhEwh |V | = 2pi(Lmax − Lmin) ³É» |uwdfhﬀh
¬Ph
svh¨y
PsvhP²Xuwdfh7l¨h
hE|u~z~¥s#{}~¬}h
|Xr .
R  
 
(C,C ′) =
NT (C)
NT (C ′)
nmax(emax − emin)
8 l λ |V |min(e− emin, emax − e)
h(C ′)
h(C)
±
}P´
  
6
ﬃ
*

Ò
 
Î
c#dfh·swhEy
z}|Ł)ptÅN/h
wuw«fŁuw~z}|Á¦Psmf«f~©ÆuﬀuzNgxhEw{Phxy
©zYsvh/z}©rX©~|fhEs¨udŁu7fzN|fzuﬀ¬}hEw~ªrNudfhfz ­X~g~Æur¹y
z}|Łf~Æu~zP|¾³
h
h}²9uwdfhgh
{}h~¥s7tzP|fhXr_h
gz¬X~|f{udfhÇŁsuzPﬀuwdfh©¥}svu7swh
{}ghE|Puz}#Â/z}©rX©~|fhªzP©©z¦¯hS_XrÁ}ft~|f{¹©~|f°X~|f{
swh
{PgxhE|YuE³8c#dfhﬀ|fhE¦ ¦~¥XuwdN~¥s#h Y«Ł}©GuwzudfhﬀghE|z%u¦zx¦~¥XudŁsz9uwdfhﬀghEw{PhEzP©rX©~|fhSs
³$'Łz}=yzP«ff©hﬀz%zP©rX©~|fhSs
(ci, cj)
¬}hEw~ªrX~|Ł{
ni + nj ≤ nmax ²Ł¦¯hmdŁ ¬Ph¨dŁh
~{}dYuzYswsw~Ł~©~Æu~hSs#z|fh
¦o«f|fzPfh
hE·/z}©rX©~|fhSs}sswdfz¦|~|ÇŁ{}«Łwhﬀt³
gxzP|f{udfhEswh7dfhE~{PdYuzYswsw~f~©~uw~hEsE²¦hz}|Ł©r°}hEh
ÂuwdŁh7fz}/zPsw~Æu~zP|Łsz}Éswh
{Pgh
|Yus¦dfzPswh©h
|f{}uwdN~¥s/hu¦h
hE|
Lmin
}|Ł
Lmax
²¾¦df~¥yd"}©©z¦=suwzÂ{}hE|fh
uh7¦h
©©Æ¸ thÇ|fhE_zP©rX©~|fhSs
³ﬁ'fzPm{}~¬}hE|_gh
{}hP²¾[/z}©rX©~|fhx~sm«Ł|f~ÆªzPwg©r¹ydfzPswh
|
}gxzP|f{xu¦¯z/z}©rX©~|fhEsy
z}g/zPswhEYr·uwdfhsghﬀsvhE{}gh
|Yus#f«tu=~|Ât~#Gh
h
|Yuz}th

c#dfh=swf©~Æuyz}|yh
|Łs%udfhzP©rX©~|ŁhEs8y
z}gzYsvhSxYrxu8©hEPsuÉu¦zﬀsvhE{}gh
|YusE³ ydfhEy°X~|f{mzP~|Yu
pji
~¥sÉ«f|f~ªz}g©rxydfzPswh
|
}gxzP|f{Nudfh/z}~|Yus
(p2i , . . . , p
ni
i )
³¿c#dfh[/z}©rX©~|fh
±
z¦~Xud
e
´ﬀ~¥sudfh
| y«tuuxuwdf~¥sjzP~|YuE³)c#dfh¦~tuwdŁsjzudfh[u¦z
hEsw«f©uw~|f{)zP©rX©~|fhSshhY«Ł©#uz
e + δe
|Ł
e − δe ²¦dfh
h δe ~s«f|Ł~ÆªzPwg©rUt ¦|U~| [−B(e), B(e)] thÇ|fhE ~|
hP«uw~z}|
±
6>7´®³ 'Łz}xz}|fhz=udfh[u¦z_/z}©rX©~|fhSs
²^ydŁzPswh
| ¦~uwd fwzPŁŁ~©~Æur
1/2
²udfhydŁhEy°X~|Ł{¹zP~|Yu~sxh
{Ph
|fhEuwhE
Py
yzPf~|f{uz[«f|Ł~ÆªzPwg t ¦~|f{z}8©hE|f{ud
l
|N·t~whSy®uw~z}|
α
³ 'fzP«fzPfh
hEzP©rX©~|ŁhEsyE|Âudfh
|¹/h{Ph
|fhEuwhE
Xr[h
¬Ph
sv~|f{jz%uwdfhﬀswh
{}ghE|PuzPthEE³Éc#dfhEwhﬀ}whuwdX«ŁsdŁh
~{}dYuzYswsw~Ł©hswf©~ÆusªwzPg ydfhEy°X~|f{xzP~|Yu
pji
³
ºhu
NM (C)
hﬀudfh|X«fgjhE=zÉ/z}~|Pus#uwdu}©©z¦=suwdfh7gxhEw{P~|Ł{xz}u¦¯z/z}©rY©~|fhEsz
C
}|Ł
NS(C)
uwdfhﬀ|X«fgjhE
z}j/z}~|PusuwdŁuÂ}©©z¦=s·udfh¿svŁ©~uvu~|f{5z}jU/z}©rX©~|fhÁz
C
³  gxz¬Ph_~¥s«f|f~ªz}gx©rydfzYsvhE|§gzP|f{ udfh
NT (C) =
NF (C) +ND(C)
zYswsw~Ł©hmgz¬}hSs
³Éc#dfhm°}hEw|Łh
©Ô~¥suwdfhE|{P~¬Ph
|Xr .
Q    (C → A) =
∑
ci∈C
ni∑
j=2
1
NT (C)
8∑
k=1
1
8
∫ B(ei)
−B(ei)
∫
V
1A((C \ ci) ∪ Skj,δe(ci))
dv dδe
|V | 2B(ei)
+
∑
{ci,cj}∈C
8∑
k=1
1
NT (C)
2∑
m=1
1
2
1A((C \ {ci, cj}) ∪Mmk (ci, cj))
±
}P´
c#dfhl¨h
hE|[uw~zyz}hEswzP|Łt~|f{uzxswf©~uz7/z}©rX©~|fhmz¦~¥Xud
e
Xr·h
Ł©Py~|f{jswh
{}ghE|Pu#z%©hE|f{ud
l
²X~sudfh
|
{P~¬Ph
|Yr .
R(C,C ′) =
NT (C)
NT (C ′)
16 l λ |V |min(e− emin, emax − e)
nmax(emax − emin)
h(C ′)
h(C)
±
PP´
º~°Ph
¦~¥svhP²Pudfh7l¨h
h
|uw~zyz}hEswzP|Łt~|f{7uzjghEw{Phz}9u¦zj/z}©rX©~|fhSs#whEf©Py~|f{|~|f~uw~¥©z}#ÇŁ|Ł}©¾svhE{}gh
|Yu#Xr
|fhE¦§swh
{PgxhE|Yu#z}%©h
|Ł{uwd
l
²t~¥s{P~¬Ph
|Yr .
R(C,C ′) =
NT (C)
NT (C ′)
nmax(emax − emin)
16 l λ |V |min(e− emin, emax − e)
h(C ′)
h(C)
±
C4S´
      / 	 
/  	  /     	 
» |)udf~s7svhSy®uw~z}|²9¦hydfhEy°_uwdfh/h
dŁ ¬X~z}ﬀz}¯udfh[Å"iÅ"i0©{}zPw~uwdŁg ªz}7sgf©~|f{¹«f|f~ªz}g,z}~¥ssvzP|"fztyhSswsm¦~uwd
nmax = 10
|Ł
λ|F | = 100 ³ 'fzPudŁuS²¦hjy
z}|Łsw~¥th
uwdfhjh
gf~w~¥y
}©% ¬Ph
{}hSsz N ²/uwdŁhuwz}u©%|X«fg7/h
z8/z}©rX©~|fhEsE²
}|Ł {Ni}i=1..10 ²}uwdfh|X«fgjhEÉzGzP©rX©~|ŁhEsÉyzPgzYsvhS7z} i swh
{Pgh
|YusE³9c#dfh#ghE}|ŁsÉhyzPgxŁ«tuwhS7ªz}g ÇŁ­XhS7|X«fgjhE
z}~uwhEuw~z}|Łs
I0
±
dfh
h}²
I0 = 30000
´®³ 'fz}g
I0
²/¦¯hjyz}|sv~¥th
sw}gxŁ©hhE¬}hEwr
P
~uwhEuw~z}|Łs
±
dfhEwhP²
P = 10000
´®³¯c#dŁ~s
465HG7498
 
* (
	

&*	*,& (
		3* &ﬀﬂﬁﬃ&" !(+* 4E
1
3
2
4
5
e  = 4
ij
e  = 4
ij
e  = 4
ij
e  = 4
ije  = 4ij
321
4
5
pj
1
e  = 5
e  = 3
i
j
p
i
1
'%~{}«fh7 .zPssv~f©hﬀgh
{}hEs=z8Ł}~=z}8zP©rX©~|ŁhEsE³=k|Ł©rÇŁ¬}h7gxhEw{PhEs=}whﬀŁwzPzYsvhS/hEyE«Łswhﬀudfhzudfh
z}|fhSs=tz·|Łzu
hEswhSy®uudfhyzP|Łt~uw~z}|z}|uwdfhﬀ©h
|f{}uwdÂz9uwdfhﬀ|Łh
¦svhE{}gh
|YuE³
sgf©~|Ł{Â}©©z¦=suwzÂhEt«Ły
h7udfhh)#GhEyuﬀzuwdfhsvuwz}|f{ÂyzPwh
©¥u~zP|¹h
u¦¯hEh
|)yzP|ŁsvhSy«tu~¬Phxsgf©hEsE³c#dfh©{}z}~uwdfg ~¥s
svuwzPfhS¦dfh
|uwdŁht~#Gh
h
|yhmzh
gf~w~¥y
}©Ô¬©«fhEs#~¥ssv« y
~hE|Yuw©rswg}©©¾f«fw~|f{xuwdŁ~wur[sw«Ły
y
hEssv~¬}hmsuh
ŁsE³
» |NzPthE#uwz·swdfz¦§uwdŁu%/ @#À °Ph
|fh
©¾yE|N/hh
f©¥}y
hEYr·yzPg7f~|Łuw~z}|z8:@#À°Ph
|fh
©¾}|ŁN|N°Ph
|fh
©I²
¦hÇŁsvuydfhEy°uwdŁhj/h
dŁ ¬X~z}=z}ÉuwdfhxÅ"iÅ"io}©{Pz}~Æudfg «sv~|f{udfh7°Ph
|fh
©
Q = 1/2Q 	 + 1/2Q  
²/¦dfhEwh
Q 	
~¥sudfhﬂ@#À¨°}hEw|fhE©¾¦~uwdfzP«tu}t~z}gh
uw~yE©Ô~|tªz}guw~z}|²|
Q  
~s=uwdfhx°Ph
|fh
©I³c#dfh7}©{Pz}~Æudfg y
z}|X¬}hEw{PhE~|
©hEssuwdŁ}| "6swhEy
z}|Łfs¨¦~uwd)[ŁwztyhSswswz}ml Ã
±
3.5 × 106 ~uwhEuw~z}|Łs´®³7c#dŁhxhEgf~~¥y
© ¬}hE}{}hSsyzPgf«tuwhS"f«fw~|f{
udfh·©{}zPw~uwdfgﬃ}whswdfz¦|_~|_Ç{}«fhxŁ³xc#dŁhxhEgf~~¥y
©ÉhEwz}mtzP|fhjzP|_udfhzP~|Yu|X«fgjhE¨~¥sm¦hE° .m/z}«tu
0.2
ªz}
udfh
zPwh
uw~¥y
©¬©«fhz
E(N) = λ|F | = 100 ³7Å¹z}h
z¬}hEE²uwdŁhxhEgf~~¥y
©¬©«fhSsmz8udfhh­t/hEy®uu~zP|_z¯uwdfh|X«fgjhE¨z}
/z}©rX©~|fhz#sv~Ã
h
i
±
i = 1, . . . , nmax
´¨hxy
©zYsvhjuwzuwdfhudfh
zPwh
uw~¥y
}©%¬}©«fhxz}fu~|fhS_XrÂuwdŁhdYrX/zudfhEsw~s¨z}«f|f~ªz}g
©¥ ¦ zP|[udfhﬀ|X«fg7/h
=z}%swh
{PgxhE|YusyzPgzYsv~|f{zP©rX©~|fh .
P (i) =
1
10
∀i = 1..10 ⇒ E[Ni] = E[N ]
10
= 10 ∀i = 1..10
ÈÁhﬀdŁ ¬}h¨udfh
|ÂuhEsvuwhEhS}ydNsv«Łt¸I°Ph
|fh
©ÔŁwzPzYsvhS[~|uwdfh7swhEyuw~z}| "f³ "Xr}Łt~|Ł{judf~¥ssw«ft¸ °}h
|fhE©GuwzuwdŁhﬀ°}h
|fhE©
Q
²
}|Ł«Łsv~|f{xuwdŁhsw}gxhmfztyhSt«fh}³Éc#dfhmh
gf~w~¥y
}©Ôh
wzPshm©z¦h
udŁ|
2%
ªzPhEPydhEgxŁ~~yE©ÔghE}|¾³
GHG ICJKLM
}  " *  	

	! * 	!
	
	&
5(+"
0 0.5 1 1.5 2 2.5 3 3.5
x 106
0
20
40
60
80
100
120
Iterations
E[N]
E[N1]
E[N2]
E[N3]
E[N4]
E[N5]
E[N6]
E[N7]
E[N8]
E[N9]
E[N10]
'%~{}«fh.·½8gf~w~¥y
}© ¬}h
{PhEsﬀz}
N
²Éudfhuwzu©|X«fg7/h
zzP©rX©~|fhSs
²¯|Ł {Ni}i=1..10 ²^uwdfh|X«fg7/h
z}=zP©rX©~|fhSs
y
z}gzYsvhS[z}
i
svhE{}gh
|YusE²t¦~uwdÂwhSsv/hEyu#uwzuwdŁh¨|X«fgjhE=z%~Æuh
u~zP|Łs
³
465HG7498
 
* (
	

&*	*,& (
		3* &ﬀﬂﬁﬃ&" !(+* >4
 
;
9 ®-9
c#df~¥sswhEy®u~zP|ŁwhSsvhE|PuswhSsv«f©us#z}udfhsv~g7«Ł©uwhE|f|ŁhE©~|f{xfhEsy~/hE~|¹pXhSy®u~zP| "xz}|[ªz}«fh
gz}uwh
©r·swh
|ŁswhE~g}{}hEsE²
¦~uwd|j~|f~uw~¥©~ÃEu~zP|7XrmuwdŁhhEgtur7yzP|tÇŁ{P«fuw~z}|¾³ 'fz}hS}yd~g{}hP² uwdfh#hEsw«f©u%zPtu}~|fhS«Łsw~|f{udfh8ÊË«©~Æur7i|trPÌ
fztyhSsws¸8fz}/zPswhE[~|, 4S¸8~s=}©swzxfwz¬X~¥thE¾³
½8¬Ph
|N~uwdfh/h
wuw«ŁwŁuw~z}|ŁsthÇŁ|ŁhEÂ~|Âuwdfh7swhEyuw~z}| "Ł³ "}yEyhE©hEuwhﬀyzP|Y¬Ph
{}hE|Łyhﬀ|}©©z¦§uwz· ¬}zP~©zXyE©9gx~|f~gf²Ł~u
~¥s=|fhSyhSswsruwz«Łswh¬}hEwrsv©z¦§fhEyhEPsvhmz}9udfhﬀuwhEghEuw«fhm¸^~|Ây
z}gŁ}w~¥svzP|¦~uwdÂudfh7swh
{PgxhE|Yu#ŁwztyhSsws8ÊË«Ł}©~ur
i}|ŁtrPÌ¨¸¯~|NzPthE#uwz·zPtu}~|udfh¦dfzP©hE|fhEss#zuwdŁh|fhu¦z}°G³^c#df~¥s~¥s=¦dXr[¦hﬀ«Łswhﬀdfh
h| ¢fÓ%¢ 9  A(   Î Ó Î £¡ Î ¢f Î_Ò ﬁ
  9Î   Î  9^Î ¡¢t  9¡ Î²X¦df~¥ydÂ©©z¦=s^uwz·thSyhEPsvh¨}s#g7«ydPs¯/zPssw~f©h¨uwdfh¨uh
ghEuw«fhm¦df~©hmh
g~|f~|f{xy
©zYsvh¨uzjudfh
Ł}©}|ŁyhP³ÉÀ«f~|f{
m
~Æuh
uw~z}|s^udfhmuwhEghEuw«fhm~sy
z}|Łsvu}|Pu|[¦hﬀyz}gf«fuwh¨uwdfhmhEgxŁ~~yE©¾ ¬Ph
{}hzudfhﬀsvrtsvuwhEg
hE|fh
{}rP³%u¯uwdfhh
|Łz}Ôuwdf~¥s¯hEw~ztuwdfhh
|fhEw{Prx ¬Ph
{Ph~¥s^y
z}gŁ}whSxuwzudfhzP|fh=z}ÔuwdfhfwhE¬X~zP«Łs8/h
~ztÔ³Éu¯uwdfh|fh­Xu
/h
~ztÔ²fuwdfhmuh
ghEuw«fhﬀthEy
whS}swhEsz}|Ł©r·~%uwdfhEwhm~¥s=|~|yhE}swh¨z%uwdfhﬀhE|fh
{}rP³
l¨©z}Ł}©©r}²Y/zuwdfzXy
hEssvhSsÉ¸¾Êi=k¨º¾»¼=½ÉÌ|Ł7ÊË«Ł}©~uri}|ŁtrPÌ ¸9fz¬X~th £ Ò
'
 A(
'
 Ò % 7(
'
Î
'
Î   Ñ7Ò ¡ D¾ Ñ (ª  
ﬁ ÎYÑ Ò  (SA( Ò
'
¹¢
'
Ó ﬁ ÎYÑ Ò   Î ¡Ó Î   Î £ ( Ò
'
 ³¿c#dfhŁwhSsvhE|PuhE¿hEsw«f©usxsvdŁz¦¶uwdfhSsvhgzXfh
©¥sj}wh[ÇfuvuhEUuwz"f~#Gh
h
|Yu
urX/hz8fu·}|Łz}thSy®us=uwz·/hh
­YuPy®uhE.swuwh
©©~Æuh|ŁN}h
~}©¾~g}{}hEsE²fzPtuw~¥y
}©|ŁÂ}Ł~g}{}hSs
²f~¬}h
|ŁzP}
|fh
u¦¯zPw°tsE³9ÅNzPwhEz¬}hEE² udfh
~¯z}Ł«Łsu|fhEssÉ¦~uwd·hEsw/hEy®uÉuz7|fzP~swh~¥s8df~{}d[f«fhuwzuwdfh~|Yuwztt«Łyuw~z}|z¾svuwz}|f{ﬀ{Ph
zPgxh
uw~yE©
y
z}|Łsvuw~|Yusx~| uwdŁhŁw~z}thE|Łsv~ur}³ » | Łwuw~¥y«f©¥S²ÉudfhEswhÂgxztthE©s}whwzPf«Łsvuuwz){}hEz}ghuw~¥y
}©¯|fzP~swh}²^uwdŁu~sxuzÁs r
|fzP~swhﬀydŁ}yuwhEw~¥su~y=uwzxuwdŁh¨zPŁswh
¬}hEswy
h
|fhP³Éc#df~s#~¥sswdfz¦|[zP|[udfhﬀh
~¥©G~g}{}h¨fwhSsvhE|YuwhE~|[ÇŁ{P«fhﬂ4S7¦dfhEwh¨uwhEhEs
~|Yuwh
wªh
h¦~uwdÁuwdfh·fhuwhSy®u~zP|Áz}zPP"swhEyuw~z}|ŁsE³·s7svdfz¦|Á~|"Ç{}«fh 44²9uwdfhŁw~z}ﬀgztth
©¥sﬀ©©z¦ uwz¹fhuwhSy®u7}©©Éudfh
swhEyuw~z}|Łs#zty
y
©«thEXruwdŁhﬀfwhSsvhE|Łyhmz}uwh
hSs
³
'%~{}«fh 4E .9#h
~}©Y~g{Phz}/sw~ÃEh
1784×1304 f~Æ­thE©s ± 50 y
h
|Yuw~ghuh
szhEswz}©«tu~zP|´¾Łwz¬X~¥thE7Yruwdfh 'ŁwhE|ŁydxÅ_ff~|f{
» |Łsvuw~uw«fuwh
±
»vlm¼´®³
c#dfhji=k¨º¾»¼=½5gztth
©~gfz¬}huwdfhfhuwhSy®u~zP|~|uwhEwgsz}Py
y«ŁPyr}²tPssvdfz¦|~|Ç{}«fhEs 4 j}|Ł 4A"t³8» |th
hSÔ²
udfhfumuh
g z}Ôz}«f8|Łh
¦ gztth
©/©©z¦=suz
Ó
Î
 
Î
£ (
'

Ò
%
'
Î
 
Ñ7Ò
¡ D¾
Ñ
(ª 

¢f£}£¡¢f£
ÏÉ³^» |uwdŁhy
Psvhz}¾svhE{}gh
|YusE²
~u¨~¥s¨|fzu¨whS}swz}|Ł}f©hmuwz«Łsvh7uwzXzswg©©%swh
{Pgh
|Yus¨}suwdfhyzP|Yuw}svu|Ł¹dfz}gz}{Ph
|fhE~ÆurghEPsv«fhzP|_¬}hEwrÂswg}©©swhusz
f~­th
©¥sm¦¯zP«f©¥_|fz}uhsw~{P|f~Çy
}|PuS³» |_udfh·y
Psvhxz#zP©rX©~|ŁhEsE²¾¦¯hyE|)ydfzXzPswh7uz«svhg}sw°_swhEy®u~zP|Łs¨©zP|f{}hE¨uwdŁ}|"udfh
swh
{PgxhE|Yuz}9g~|Ł~g©Ô©h
|Ł{uwd
Lmin
³» u#~¥suwdX«Łs/zPssv~f©h¨uwzx«Łsvh¨¬}hEwr·swg©©ÔsvhE{}gh
|YusE³8pXzŁ²X¦h¨u°Ph
Lmin = 3
ªz}#~¬Ph

th
uwhSy®uw~z}|"z}|_uwdfh~g}{}hjz
20
ghuwhEs¨z}^whSsvzP©«fuw~z}|¹swdfz¦|_~|¹ÇŁ{P«fh 4 X³7c#dfhfuuh
gﬃyz}gf«fuu~zP|_~¥smtz}|fhjz}|
swhEyuw~z}|Łs#z}%©h
|f{}uwdz
20
f~­XhE©sE³
ÅNzPwhEz¬}hEE²Ôudfh
!
'
£} A(
Ò
'
¹Ó
Î
 
Î
£} A(
Ò
'
(N
Î
 E 
Î
¡
«sv~|f{¹N/z}©rX©~|fh·fztyhSsws¨udŁ|¿«Łsw~|f{_Nswh
{}ghE|PuŁwztyhSsws7}s
swdfz¦|7XrmÇŁ{P«fhEs 44² 4"t²}}|Ł.4 X³%c#dŁ~s%~¥s%f«fhuwzuwdfh#«Łswh¯z}|j~|Yuh
}y®u~zP|zGyzP|f|fhEyuw~z}|ﬀudŁu ¬Pz}sÔuwdŁh#y
z}|f|ŁhEy®u~zP|Łs
z}%hS}ydzP©rX©~|fhﬀ¦~uwdÂudfhﬀhEsvu#z}9udfhﬀ|fh
u¦¯zPw°G³8ÅNzPwhEz¬}h
S²Puwdfhy
z}|f|fhSy®u~zP|t~¥svu|yhﬀ~¥sg~|f~g~ÃEhEXr}|uvuw}yuw~¬}h
/zuh
|Yuw~¥©I³» |judfh^ÊË«Ł©~Æuri|ŁtrPÌ#gxztthE©K²Pz}|f©rudfh=yzP|f|fhSy®uw~z}|/hu¦h
hE|7u¦zﬀh
|ŁfzP~|Yus8~su°Ph
|x~|YuwzPy
y
z}«f|YuE³%c#dfh
GHG ICJKLM
P  " *  	

	! * 	!
	
	&
5(+"
±
P´#swh
{Pgh
|Yufwzty
hEss
±
/´zP©rX©~|fhﬀŁwztyhSsws
'%~{}«fh4 4 .9=zP}·h­Xuw}yuw~z}|z}|[}|[hEw~¥©Ł~g{Ph
±
Ç{}«fh4S}´ .
±
Y´É«Łsw~|f{¨ÊË«Ł©~uri|trPÌfwzty
hEss¸=½^À .tswh
{PgxhE|Yus
udŁuxÇfuxŁu
±
|fhE{Puw~¬}h·/zuh
|Yuw~¥© ´m¸ @#º/=½%.%swh
{PgxhE|YusﬀudŁutz¹|Łzu7ÇŁujudfhfu
±
/zPsw~Æu~¬Ph[/zuwhE|Yuw~¥© ´m¸lm½8½^¼ .
h
­Yuh
|Ł©Ôwu#z}udfhsvhE{}gh
|Yug}sw°·«ŁswhE[ªz}#udfhﬀghE}sw«fhz}udfhyzP|PuPsu#¦~uwduwdfhﬀ|ŁhEXrŁ}y°X{PwzP«f|Ł
±
´«Łsv~|f{
Êi=k¨º¾»¼½Ì¨ŁwztyhSsws^¸¯lm½8½¯¼ﬃ.f~|Yuwh
|Ł}©/wu#z}¾uwdŁh¨/z}©rX©~|fhmg}sw°G² @º /=½ .th
­Xuwh
|Ł}©/wuz}uwdŁh¨/z}©rX©~|fhmg}sw°
¸¯=½^À .ŁzP©rX©~|fhy
z}|f|ŁhEy®u~zP|ŁsE³
 

	
  

 


 
 
	
	 

	
 
 
	

 
  	
300 × 300 
	 

 
  5    

 
  45   
'%~{}«fh 4  .¾~¬}hE9h
­Xuw}y®u~zP|ﬀªz}g ptk¨c	¨pŁ=~g{}h
±
20
ghuwhEs%z}ŁwhSsvzP©«fuw~z}|´¾fwz¬X~¥thEYr¨udfh 'fh
|Łydjl¨hEz}©z}{P~yE©
pX«Łw¬Ph
r
±
@lmÅ_´).
±
/´«Łsv~|f{xuwdŁhsvhE{}gh
|YufzXy
hEssÉÊË«Ł}©~uri|trPÌ 
±
yE´«Łsw~|Ł{judfhﬀ/z}©rY©~|fhmfwzty
hEss8Êik¨º»¼=½Ì®³
©z}|f{xf|ŁydŁhEs^}whuwdX«Łs ¬Pz}hEf«tu#udfhŁ}|Łydﬀ«f|Łyuw~z}|Łs#}wh|fzu# ¬}zPwhSh­tf©~y
~Æu©rP³É¼=h
¬Ph
wuwdfhE©hSswsE²S«f|Łyuw~z}|Łsg r
/h¨fz}|fh¬Y~¥mudfhy
z}|f|fhSy®u~zP|·¦~Æud[7y
©zYsvhh­Xuwh
g~ur}³Éc#df~¥s^h
­XŁ©}~|Łs^Łwuw©rxuwdfhŁ} P«©~ÆurxzÔudfh^«Ł|Ły®u~zP|·h
u¦¯hEh
|
udfhu¦z·sv~|X«fz}«st~vuuw}y°}|ŁNg~|NzP}~|NuwdŁhﬀÇŁ{}«Łwh.4"t³=c#dfhz}uwdfhE=hE}swz}|Â~¥sudŁu¨~|YuwhEswhEyuw~z}|Łs=¦~Æud¹}y«fuwh
}|f{}©h
±
Ê 0=Ìﬀ~|YuwhEswhEyuw~z}|Łs´¯h¨/h
|©~ÃEhE«f|ŁthEuwdfhﬀ©¥ ¦ z}udfhÊË«©~Æuri}|ŁtrPÌ¨fztyhSswsE³
c#dfhfz ­X~g~Æurx~|Puh
}yuw~z}|~|Puwztt«yhE·~|udfhÊË«Ł}©~uri}|ŁtrPÌgztth
©uwzjhE|Ł©~ÃEh=udfhz¬Ph
©}ff~|f{ﬀzswh
{PgxhE|Yus
~¥s8|fz}u^¦h
©©Æ¸ thÇ|fhE.%~u^~|t«ŁyhSs^ﬀ/h
|©~ÃSuw~z}|z}/udfhÊ 0=Ì~|Puh
svhSy®u~zP|Łs8|xªz}f~xu¦zswh
{}ghE|Pus
²P¦dfzPswh=yhE|Yuwh
s8}wh
uxf~svu}|Łyhﬀ©z¦¯hEuwdŁ}|[udfhg­t~g}©ÔdŁ© ¸ ©hE|f{udz}9udfhmu¦¯zswh
{PgxhE|YusE²Xuwzh Y«ŁPsv~¸ Ł©©hE©K³ÉpXz²f~Æu=~¥s#~gx/zPssw~f©h
uzÁth
uwhSy®uxu¦¯zÁy©zPswh[zP}Łs
³Ác#dfh 9
¡
Ò
(+;( 
Ï
(
'
 
Î
¡¢f£} A(
Ò
'
h
u¦¯hEh
|¿u¦z_/z}©rX©~|fhSsj~¥s

Î
 
 
Î
¡ Ó
Î 
'
Î
Ó
.udfhÊ10Ì
~|Yuwh
swhEy®u~zP|Łshm|fzu=/h
|©~ÃEhEÂ|ŁŁ}}©©h
©ÔswhEyuw~z}|Łs=}whﬀ}©©z¦¯hS·~uwdfhErhﬀut~¥su|Ły
hﬀ©}w{Ph
uwd|
d
³^c%°X~|f{
d
swg©©K²Ô~uﬀ~s¨udY«s/zPssw~f©hxuwzÂthuhEyum¬Ph
rNy©zPswhjzPPfs¦dŁ~©hx zPwŁ~ff~|f{ÂswhEy®u~zP|_z¬Ph
©}ff~|f{Ł³c#df~¥s¨~s¨~©©«ŁsvuwuhE
465HG7498
 
* (
	

&*	*,& (
		3* &ﬀﬂﬁﬃ&" !(+*  "
 

	 
     

 
 
	
	   	
 
 
	

 
	
256 × 256 
  	 

 
      7    

 
    1    15   
'%~{}«fh24A".jzY}Áh­Xuw}yuw~z}|"ªwzPg,}|¿~g{Ph[pXk¨c É|ŁydŁwz
±
10
gxh
uwhEsﬀz}whSsvzP©«tu~zP|´¨fz¬X~thS_Xr"uwdfh 'fh
|Łyd
pXuw~¥©%={Ph
|Ły
r
±
i¼½¯pf´).
±
´#«Łsw~|Ł{uwdfhjsvhE{}gh
|Yu=fztyhEss8ÊË«Ł©~ÆurNi|Łfr}Ì
±
yE´#«Łsw~|f{uwdfh7zP©rX©~|fh7fwzty
hEss8Êi#¸
k¨º»¼=½Ì®³
Xrxuwdfh¨hEsw«f©Æu{}~¬}hE|·~|[ÇŁ{}«Łwh 4 X²X¦dfh
h=u¦z7zPPfs3Y«ŁPsv~¸ Ł©©hE©Ły
}|·/h¨th
uwhSy®uwhS·«Łsw~|f{udfhÊi=k¨º¾»¼½ÌfztyhEss
¦dfhEwhS}s#zP|f©r[z}|fhm¦#}s#thuhEyuwhE«Łsw~|f{uwdfhÊË«Ł}©~uri|Łfr}ÌmfzXy
hEss
³
'9~{}«Łwh 46 .½^p}f}¯~g{}h
±
525× 546 f~­XhE©s´	:½¯pt7³
c#dfh
£
Ò

9
9 A(
'
E) (+
Î·zuwdfhjzP©rX©~|ŁhfzXy
hEssgztth
©%~s|fh
¬Ph
wuwdfhE©hSsws
(+
9^Ò
¡  E¢
'
 
~|¹yzPgŁ~swz}|uz[svhE{}gh
|Yu
fztyhSswsÉgztthE©K³Éc#df~¥s8~¥s^g}~|f©rt«fhuzﬀuwdfh¨yzPgxŁ«tuuw~z}|zGudfhfumuh
g zP|uwdfh¦dfz}©h
|fhSsws^zGuwdŁh/z}©rY©~|fhu¯hE}yd
fz}/zPsw~uw~z}|Âz8/h
wuw«fŁuw~z}|¾²h
¬}hE|N~Æudfh7/h
wuw«fŁuw~z}|NyzP|ŁyhEw|Łs=z}|f©rzP|fhﬀz}u¦¯z·swh
{Pgh
|YusE³c#dŁhwhS}swz}|Â~¥suwdu
udfhjfuxuh
g /zuh
|Yuw~¥©9~s|fzu}swhEz}|¹sw«fgﬂzÉz}uwhE|Pu~}©s=ªz}=hS}ydNswh
{}ghE|Pu=z}uwdfhjzP©rX©~|fh7f«tuzP|¹«f|f~ªz}g
thSyzPgx/zPsw~uw~z}|ÂzuwdŁhzP©rX©~|Łhg}sw°/³º¾zP|f{}hE#uwdfh/z}©rX©~|fhSsh}²Ł©zP|f{}hE#uwdfh7y
z}gf«tu~|Ł{uw~gxhj¦~©©¾/h}³=pXz²fuwdŁh7yzYsu
z}É}|N~Æuh
u~zP|N~s¬}h
r[dŁ~{Pd¹u=udfh7hE|ŁÂzuwdŁhj©{}zPw~uwdŁg²ŁhEswhSy~¥©©r~ÆÉudfhzPPfs=|Âw~¬}hEs#fhEswh
|Yu~|ÂuwdŁh7~g}{}h
}whm©z}|f{|[|X«fgh
z}«s
³
GHG ICJKLM
 6  " *  	

	! * 	!
	
	&
5(+"
±
Y´¯swh
{Pgh
|Yufwzty
hEss
±
´zP©rX©~|Łhﬀfwzty
hEss
'%~{}«fh;4S ._zY} h­Xuw}yuw~z}|5z}|)}Ł~g}{}h
±
svhEhNÇŁ{}«Łwh 4A6P´ .
±
P´«Łsv~|f{_ÊË«Ł©~ur5i|trPÌÂfztyhSswsx¸½^À .
swh
{PgxhE|YusﬀudŁuxÇfufu
±
|fhE{Puw~¬}h·/zuh
|Yuw~¥© ´ﬀ¸ @#º/=½%.swh
{Pgh
|YusuwdŁuxtz"|fzuÇŁujudfhfu
±
/zPsw~Æu~¬Ph·z}uwhE|Pu~}©¥´ﬀ¸
lm½^½^¼ﬃ./h­XuwhEw|©GŁwuz%uwdfhswh
{Pgh
|YugPsv°[«ŁsvhS·ªzPuwdŁh¨ghS}sw«fwhmz}9udfhyzP|PuPsu#¦~uwduwdfhﬀ|ŁhEXrŁ}y°X{PwzP«f|Ł
±
´«Łsw~|Ł{NÊi=k¨º»¼=½ÌÂfwzty
hEss7¸jlm=½8½^¼ﬃ.¯~|Yuh
|Ł©Ł}vuz}uwdŁhNzP©rX©~|fhNgPsv°G² @#º /=½ .8h
­Xuwh
|Ł}©wuz}udfh
/z}©rX©~|fhﬀg}sw°¸^½^À .Ł/z}©rX©~|fhﬀyzP|f|fhSy®uw~z}|s
³
 
#
¯ 	

ÈÁh"d ¬}h_ŁwzPzYsvhS ~| uwdf~¥swhEzPvuUh
©h
¬|Yugxh
uwdfztuwzU/h
wªz}g ©~|fhÁ|fh
u¦¯zPw° h­Xuw}yuw~z}|5ªz}g suh
©©~uwhÁ|Ł
}h
~}©~g{PhEsE³Uc#df~¥s~s"ª«f©©rU}«tuwzPguw~¥ygxh
uwdfzt ¦~Æudfz}«fu}|Xr¿~|f~uw~¥©~ÃEu~zP|¾³U» |th
hSÔ²^udfhÂ«Łswhz}¨Ásv~g7«f©¥uhE
}|f|fhE}©~|f{ÂswydŁh
ghj«sv~|f{ÂÄPÅ"iÅÁi©{}zPw~uwdfg ªzP¨uwdfhz}fuw~gx~ÃEuw~z}|Á©©z¦=s«Łs¨uwz~|f~Æu~}©~Ã
hxudfh©{}z}~uwdfg ¦~uwd
udfh7hEgxfury
z}|tÇŁ{P«fuw~z}|³¯c#dfhŁw~z}=gztthE©©hE}Łs#uwz[y
z}|Yuw~|X«fz}«sh­Xuw}yuwhS©~|fh|fh
u¦¯zPw°ts#¦~uwdÂªh
¦zPg~ssv~z}|s|Ł
z¬Ph
thuhEy®u~zP|ŁsE³9hSsv«f©us8z}|whEgzuwhE©rjsvhE|ŁsvhSx~g{PhEsdŁ ¬Phsvdfz¦|juwduÉuwdŁh=zP©rX©~|Łhfwzty
hEss^i=k¨º¾»¼½Á~¥sÇfuwuwhSxuwz
udfh#h­Xuw}yuw~z}|7z}sw~|X«fzP«Łs%|fhu¦z}°ts9}|Łgztth
©¥syzPwhEyuw©rudfh#wzY}j|Ł7w~¬}hEŁ«f|y®uw~z}|s%uwdŁ}|f°tsuzudfhthÇ|f~Æu~zP|jz}/
/z}©rX©~|fhy
z}|f|ŁhEy®u~zP|¾³ÉÅNz}h
z¬Ph
S² uwdfhmfumuh
g¶swh
hEgsÉuwzjhEvªzPwg ¦h
©©ŁªzP¯t~#/hEwhE|Yu^urXhSs^z}¾~g}{}hEsE³%È"h¦~©©Łªzty
«Łs
~|Á|fhS¨ª«tu«fwhzP|_udfhthÇŁ|Ł~Æu~zP|"z}|"~|Łdfz}gz}{Ph
|fhEz}«Łshªh
h
|yhxfwzty
hEss}swhE¹zP|ÁŁu[uwduﬀ¦¯zP«f©¥_/hh
uvuwhE
PftuhE[uwzzP«ffz}f©h
gÂ³» |ŁthEhEÔ²f~u=¦z}«f©¥}©©z¦ uzPy
y
h
tu=gz}hmyz}hEy®u©r/zPsw~uw~z}|fhSswh
{PgxhE|Yusu#udfhﬀhE{}~|f|f~|f{
z}/udfh}©{Pz}~Æudfg }|Łswdfz}«f©¥thEy
whS}swh#uwdfhyz}gf«fuu~zP|uw~gh}³ÉÅNz}h
z¬Ph
S² uwdfhfz}/zPswhEsuztydŁ}svuw~¥y#gzXfh
©~|f{j©©z¦=s
«Łs¯uzjyzP|Łsw~thE^¦z}°X~|f{7~|ﬀªghz}fuﬀª«Łsw~zP|[~|·z}thE8uwzx/h
|fh
Çfu¯ªz}g udfh¨y
z}|Yuw~f«tuw~z}|z}9swh
¬}hE}©swz}«fyhSs
±
ªzP
~|Łsvu|yh}²Łg7«f©uw~¸ swh
|svzPzPg7«f©uw~¸Iuwh
g/z}©¾fuY´®³
  %1.&@7<>j-9
c#dfh)«fuwdfzPs¦¯zP«f©¥©~°Ph_uzUudŁ|f° udfh 'fh
|Łydl¨h
z}©z}{P~yE©mpX«f¬}h
r
±
@lmÅ_´·ªz}ÂŁ}vu~}©Ç|Ł|Ły
~}©ﬀsv«fŁzPvuÂ|Ł
~|Yuwh
hEsvuw~|f{_f~sy«Łssw~zP|Łs
²uwdfhÂpXŁPyh·={Ph
|Ły
r
±
i¼=½¯pŁ´|Áuwdfh·½^«fwzPhS|UpX}yh={}hE|Łyr
±
½¯pf´ªz}fz¬X~f~|f{Âudfh
suh
©©~uwhﬀ~g{}hSs
²Yudfhﬃ'fh
|ŁydÂÅ¹}ff~|f{» |Łsvuw~uw«tuh
±
»vlm¼´#ªz}fz¬X~t~|f{hEw~¥©Ôfuf³
465HG7498
 
* (
	

&*	*,& (
		3* &ﬀﬂﬁﬃ&" !(+* }
;
#%
54/ﬀ7³ @PfthE©hEr}|Ł¹Å¿³G¼³ÔÅ¿³/¬|"º~hSsvdŁz}«tuS³¨pYuzXyd}svuw~¥yﬀ{}hEz}ghuwrgzXfh
©¥s~|_df~{}df¸I©h
¬Ph
©¬X~¥sv~z}|³   "( 4( !" 
)-" 	!®²B4 .µ " "f}Ł²C4S}"Ł³
 ﬀÅ ³F@#Ã
zPdŁ}|Ł Àj³ @³Éi¯zXz}/h
S³_=«tuz}gu~y·ÇŁ|Łt~|f{"z=g~| zP}Łsﬀ~| h
~¥©^~g{PhEsXrÁ«Łsw~|f{"{}hEz}ghuw~¥y®¸
svuwztydŁPsu~y_gzXfh
©¥s}|ŁhSsu~guw~z}|¾³	 ﬁﬁﬁ
&"C" !(+*C *

"  	5&
 
'"   (  " " (
	!C 	! ( 	
	
²
4S .7 7 7}>4P²}Ä}«Ł©r 4E}Pf³
 " ﬀ7³B@#«fg{P}vu|fh
S²¾i³ÔpXuwh
{Ph
S² ³¾Å¹ rPh
S²È³Ô½^y°tsvuwhE~|¾²¾}|Ł 7³Ô½8f|fhEE³j=«tuz}gu~yjwzY}Nh
­Xuw}y®u~zP|¹ŁPsvhSNz}|
gj«f©uw~¸ sy
}©hP²{}z}«ff~|f{² }|Ł7y
z}|Yuwh
­XuE³

*  * &"ﬁ 	&)(  ﬁ  (
		&)( "  	)%* 	  	!C)(}²P
±
7´). 7 77C7Yt²
ÄP«f©r
4S}Pf³
 6  /7³ @dŁuvuPydŁrP}|ŁNpG³ ³É«f~K³#=|_~gfz¬}hS[ŁPy°XfwzPŁ{Yu~zP|[|fhE«f}©¾|fh
u¦¯zPw°[ªz}th
uwhSy®uw~z}|Nz}ÉwzY}X¸ ©~°}h
ªhSu«fwhSs#~|Nsuh
©©~uwhm~g}{}hEwrP³!C 	& "(+* "ﬀ*
& " * ﬁ 	/-*  	ﬂ  	 )(}² 4E. " " 7 " "}6Ł²}fw~© 4EP 7t³
 m»®³i¯z}«f©z}~{}|fhEﬀ|Ł)cm³=}|Łydf~|¾³·Å¹}ff~|f{Âz#«fw|¿hEPs/.m g7«Ł©Æu~hEswz}©«tuw~z}|Ágztth
©~|Ł{Â}ffzPPyd¹ªz}jsvhEgx~¸
}«tuwzPguw~¥yxh­Xuw}yuw~z}|Áz#suwhEhusE³

ﬃ* *ﬃ &"ﬁ:	!&)( :ﬁ  (
		5&)( " 	/-*  	   	 )(}²9P
±
7´. } 7t 7 6²ÄP«f©r
}}Pf³
 "m³ÀzP«Łyh
uvuh}²É³É={}zP«f~sE²%7³pXuwh}|f~¥t~sE²8| Å¿³ÅN«Łs ¬Y~I³_pXhE©Æ ¸ z}{P}|f~ÃEhE)y©«ŁsvuwhEw~|f{NªzP7zP}Áh
­YuPy®u~zP|¿~|
y
©Pswsw~ÇŁhE~g}{}h
r}³! 

" #*"
&'"	* 

ﬃ* *ﬃ &"ﬁ:	!&
"$ 	)%* 	%  	!C (²/} . " 6>7>"PŁ²PP 4P³
 7ﬀ³µkj³XÀ«fj}|Ł³ ½ wuE³

"  	&'& !" ( (  "(+*#" )  	
	
 
 " )( ®³9ÄPz}df|[È ~©h
r * pXzP|Łs
²t¼ 0j²/pt7² 4E 7 "f³
 "ﬀÅ ³7³ '%~¥swydŁ©hEE²Ä³#Å¿³c9h
|Łh
|XŁ«Łg²|Ł7³i³¯ÈÁz}©³ ÀhuhEyuw~z}| z}wzY}fs|Ł©~|fhE}svuw«Ły®u«fhEs~|©z¦#¸
hEswz}©«tu~zP|)}h
~}©^~g{}hEwr"«Łsw~|f{"Ng7«f©uw~¥swz}«fyh·°X|fz¦©hEf{}h~|Puh
{Puw~z}|ÁuwhSydf|f~P«Łh}³+& * $ 
> 	5&, &"$- ( ! " 
)-" 	

&*	)(}² 4  .µC4.tP "Ł² 4EP 4}³
 "ﬀÀj³Łl¨h
g}|}|Ł @¨³tÄPhEtrX|Ł}°/³=|Â}yuw~¬}huwhSsu~|f{gztth
©GªzPuw}y°X~|Ł{jzPPfs^~|Âswuwh
©©~Æuh¨~g{PhEsE³/ﬀﬁ ﬁﬁ0
&"C" 21
(+*C *

"  	5&
 
'"  )(  "  "! (
	ﬂ!C 	! ( 	
	
²B4E.542
46² 4S}Pf³
 4E"7i³Ä³l¨hEr}h
x|ŁUÄŁ³Å43©©h
S³"pX~g7«f©¥u~zP|U|Ł ©~°}hE©~dfzXzt¿~|fªh
h
|Ły
h·ªz}xsvuw~¥©/z}~|PuxfzXy
hEss
³   ",('"65 (+" 
*"
&'"	* "   "( 4( !!7  	5&)( 	98=²>4 . "Y: " 7 "f² 4E}6Ł³
 44/m³ ÄŁ³Gl¨whEh
|¾³h
¬Ph
sv~f©h#«fg¹Å¹°}z¬·yd~|ÂÅ¹z}|Yuwh
¸i}w©zyz}gf«fuu~zP|N|Ł @# r}hSsv~¥|gzXfh
©9fhuwhEwg~|Łu~zP|¾³
8 (+*:	4&)(5"²Ô 7 .  7
4S}Ł² 4EPPt³
 4Sﬀ7³9l¨;f|Á}|Ł ³º~K³zY}"h­Xuw}yuw~z}|¹ªz}g,h
~¥©É|ŁÁsuwhE©©~uwh~g}{}hSsXr_frY|g~yxfz}{P}ggx~|f{³<! 

" 
*"
&'"	* 

ﬃ* *ﬃ &"ﬁ:	!&
"$ 	)%* 	%  	!C (²/
±
6Y´).54 4.t}f²Y=«f{P«Łsu 4S}Yt³
 4A" ﬀÀj³  ¬}hEw°}gx³½É­XuPy®uw~|f{svuw~{}dYu8zP}svuw«Ły®u«fh=~|[«fw|h
|X¬X~z}|ŁgxhE|YusÉ«Łsw~|f{»=7k¨¼¨kmpxsuh
©©~uwh~g{Ph
r}³
>
$ 4(  " ﬁ  (
		5&)(}²C6C4
±
PP´.µ>4S 7?t>4 4EŁ²}pXh
tuh
gjhE}Yt³
 46 7i³ºPyzYsuh}³ ﬁﬃ&" !(+*+	@ﬁA!!	 " 
ﬃ  (A5(CB)
C	!ED $ﬃ",&( &EGF %"H 	  "  	 ( ",( &ﬀ	!2	
 
A5&)( 	C
	! $ﬃ",&

&* 	!
 

*
 
C	! ﬁ " &ﬃB/
-A®³G8dŁudfhEsw~¥s
±
~| '%h
|Łyd´² /|f~¬}h
sw~Æurjz¾¼=~¥yh¸pXzPfdf~¥ﬀ=|Yuw~zP©~¥sE² 'Ł}|ŁyhP²YpXhEtuwhEg7/h
#}6Ł³
 4S7i³º9}yzYsuh}² 7³ÀhSswy
z}gjhSs
²¨|Ł§ÄŁ³ﬁI/hEw«fŁ~Ł³ %zP~|YuÂfzXy
hEssvhSs·ªzP«Ł|Łsv«ŁhEw¬X~¥svhS©~|fh)|fh
u¦¯zPw° h­XuPy®uw~z}|
~|)whEgzuwhswh
|Łsw~|Ł{Ł³Jﬀﬁﬁ ﬁK
&" 5" !(+*C * 

"  	&
 
'"   (  " L "! ( 	MC 	 ( 	
	
² 7
±
4EP´).54 P
4  7f²
k¨yuwzPhE}Yt³
 4E"m»®³Yº}tuwhE¬/²Xcm³Pº~|th
/h
{Ł²YÈ³}½^y°tsvuwhE~|¾²fi³tpYuwhE{}h
S²P}|Ł³ @#«fg{Ywuw|fhEE³/=«tuz}gu~yh
­Xuw}y®u~zP|zÔzP}ŁsªwzPg
}h
~}©G~g{PhEs#ŁPsvhS[zP|sy
}©hﬀswŁ}y
hﬀ|Łsv|°}hSs
³N "! ( 	PO( )(+* "
 
$$
 (  "(+*C®²H4  .µ ">" 4P²YP}Ł³
 4 7ﬀ¼7³ÅNhEw©hu}|ŁNÄ³I/h
«ff~¥f³¼=hE¦oŁwzYsv/hEyus~|N©~|fh7fhuwhSy®u~zP|NYrtrX|Łg~¥ymfz}{}gg~|f{Ł³N ﬁﬁﬁQ
&" 5" !(+*C
* 

"  	5&
 
'"  )(  " J "! (
	%!C 	! ( 	
	² 4E
±
6Y´). 6X 6 "C4}²C4S}Pf³
 4E"mÈ³8Å ³¼h
«fhE|ŁsydY¦#|th
S²%³$'Ł«Łf²º8³» ¬}hEswz}|²Élx³^ptÃ5
°Ph
©r}²8}|Ł kj³m«ff©h
S³RI/~f©zXy°¿sw|Ł°PhEsE³C 	5&'"(+* "
*"
&'"	* M& * $ 
> 	&SO ( )(+*Ł²G}
±
"P´).54S 42tC4}² 4S} 7X³
 4E"m³ 7³fhEsw°X«f|¾³¯ktu~gj«fg ÅNzP|Yuwh7i©zsgf©~|f{«Łsw~|f{Å¹°}z¬·ydŁ}~|s
³T8 (+*" 	&)(5"²/P . } 7?XC4St²C4E 7 "f³
GHG ICJKLM
}  " *  	

	! * 	!
	
	&
5(+"
µ"ﬀÅ ³¯ztydfhEwrP²¯»®³ ³¯ÄPh
g7rX|¾²#| ÄŁ³ IGh
«ff~¥f³ ~{Pdfh
[z}th
·Py®uw~¬}h¹y
z}|YuwzP«fs|Ł uwdŁh
~[fŁ©~¥y
uw~z}| uwz¿udfh
fhuwhSy®u~zP|z}9©~|fhm|fh
u¦¯zPw°ts~|suh
©©~uwhm~g}{}hEwrP³» |

&*ﬀ  ﬁﬁﬁ-*,&ﬀﬃ*$ O " &)(+"(+*'"  7ﬁ, 	 *:	!&)( "  	H5	!
  	!  	! *?  (R& *" $ 
> 	5&SO( )(+* Ł²Ł¼~y
h}²'Ł}|ŁyhP²k¨y®uwzPhEP"f³
µ>4/ 7³Ł«fh}|ŁÅ¿³ =«Łw|¾³@# rPhEsw~}|·z}thSy®u=~¥th
|Yu~ÆÇyEu~zP|¾³ 8 (+*" 	4&)(5"² " .  6Yt}}Ł²C4S}}Ł³
µ}ﬀÀj³^«Łh
©©hP³5pX«ŁhEsvu}f©hÂ~|Yuwh
}yuw~z}|Łsx~| y
©Pswsw~¥y
©svuuw~¥su~yE©#ghEydŁ}|f~yEs
³ & *ﬁ 
> ( " 4(+*  (  "  	/%"( " 

  )( ®²H4E . 4S 7 4SŁ²C4S 7Ł³
µ " ﬀÅ ³X7³ŁpXh
h
|th
zŁ³Fﬁﬃ&" !(+*GF A* &-" 4(+*  ﬂ 
   * (CB)
C	! 	@%"H 	5&)( 	ﬂ 
 >

ﬁA!	" 
ﬃJ	J& *ﬁ 
> ( " 4(+* 
	
 
? !*"MA5&" 4(+*  ®³88dŁudfhEsw~s
±
~| '%h
|Łyd/´®²/=|Ł~¬Ph
sv~ur·z¼=~¥yhm¸ptz}fdf~¥=|Yuw~/z}©~sE²'f|yh}²tÀhEy
h
g7/h
4E}Pf³
µ6 ﬀ³9pYuwzP~yEf² j³ÀhEsyz}gjhSs
²9|ŁÁÄŁ³ IGh
«ff~¥f³ l¨~fsﬀzP~|YufztyhSswsªz}ﬀzPP¹h
­YuPy®u~zP|_~|Áh
gz}uwh
©r_swh
|ŁswhE
~g{PhEsE³!C 	& "(+* "G*
& " *  & * $ 
> 	&SO (  (+* Ł² 7
±
}´. 4S 4. 4A"}Ł²Y}} 6³
µ} '³c9«ff~|¾² ³Å¹}~ÆuwhP²9Ä}¸'³¾Å¹}|f{}~|¾²%Ä¸ Å¿³¾¼=~¥yzP©Ps
²9|Ł"½=³hSydfh
sv°XrP³xÀhuhEy®u~zP|)z#©~|fhE}mªhEuw«fhEsm~| pt
~g{PhEsﬀ.ff©~yEuw~z}|Âuz[zPP|Łhu¦z}°[h­XuPy®uw~z}|³ﬁﬀﬁﬁﬁ 
&"C5"4(+*  * R, 	 * 5( 	!  	 "M 	)%* 	$  	 )(}²
"P
±
}´. 6 "6: 6Y "Ł² 4EP}Ł³
µ"ﬀÅ ³ ¼7³ Å¿³¬}|jº¾~hEswdfzP«tuE³fpYuzXyd}svuw~¥y^|Ł|fhE}©~|f{=ªzP|fhE}whSsuw¸I|fhE~{PdXzP«f/z}~|Yu%fztyhSswswhEs¦~Æudx}ff©~yEuw~z}|uwz¨z}thSy®u
hEy
z}{P|f~Æu~zP|¾³hEswhE}ydh
/z}wu @pY¸ "}Pf²fi¯È »®²Ł=gsvuwhEf}gÂ²fc#dfh¼=h
uwdfhEw©¥|ŁŁs
² 4S}"Ł³
µ 7ﬀÅ ³ ¼7³ Å¿³Ł¬ }|Nº¾~hEswdfz}«tuS³  " &ﬀ*65

*,( 

&*A	!!	! ":  	5( &
 
$$  (  "(+*C³¯» ghEw~¥©9i¯zP©©h
{Ph8hEssE²Ł}Pf³
µ"lx³ÉzPssvhE©g}|Á}|Ł¿ÄŁ³9th@m|fhSydPuS³zY}_uw}y
~|f{NXr"fwz}ÇŁ©hguydf~|f{¹}|Ł ﬀ©g}|ÁÇŁ©Æuh
~|Ł{Ł³[» |
 

> *%"( 
ﬁﬃ&" !(+* *  " -1  "  	
>
	 B &*"
 
	5&)(+"ﬂ"  $ﬃ"	%"H 	!²YŁ}{}hEs8}Pt 76Ł²syzP|Łf²YpX¦~ÆuÃ
hEw©¥|Ł¾²P=Łw~©
4S}Yt³
µ"ﬀÀj³ŁÈ)|Ł{Ł²Àj³ i³ h}²º^³ŁÈ)|f{²}|ŁNÀ7³GÅNzPw~|¾³½É­Xuw}y®u~zP|Nt«¹EswhE«z}«tu~hE=«fŁ~| ﬀ©4 ~¥th7. ~g{}hSspXk¨c
	j³ C 	5&'"(+* "G*"
&'"	*  	/%* 	%  	 )(²B47
±
6Y´. P 7t""Ł² 4EP}Ł³
 "}"ﬀ7³ IG©z}uw|f~¥y°}|ŁÂ³Ôi}w|f~|fhP³ '%~|Łt~|f{·zPPswh
hSfs=~|¹hEw~¥©~g{PhEsE³M& *" $ 
> 	5&4O (  (+*  7%, &"$- ( !7 " <%"H 	

&*A	! (²/ 7 .µ6 "f}Ł²C4S}"Ł³
465HG7498
Unité de recherche INRIA Sophia Antipolis
2004, route des Lucioles - BP 93 - 06902 Sophia Antipolis Cedex (France)
Unité de recherche INRIA Futurs : Parc Club Orsay Université - ZAC des Vignes
4, rue Jacques Monod - 91893 ORSAY Cedex (France)
Unité de recherche INRIA Lorraine : LORIA, Technopôle de Nancy-Brabois - Campus scientifique
615, rue du Jardin Botanique - BP 101 - 54602 Villers-lès-Nancy Cedex (France)
Unité de recherche INRIA Rennes : IRISA, Campus universitaire de Beaulieu - 35042 Rennes Cedex (France)
Unité de recherche INRIA Rhône-Alpes : 655, avenue de l’Europe - 38334 Montbonnot Saint-Ismier (France)
Unité de recherche INRIA Rocquencourt : Domaine de Voluceau - Rocquencourt - BP 105 - 78153 Le Chesnay Cedex (France)
Éditeur
INRIA - Domaine de Voluceau - Rocquencourt, BP 105 - 78153 Le Chesnay Cedex (France)
  	


  
ISSN 0249-6399
